Introduction
The non-singlet structure function xF 3 (x, Q 2 ) has been a first experimental source to determine the valence quark distributions u v (x, Q 2 ) and d v (x, Q 2 ) of the nucleon in deep-inelastic charged current neutrino-nucleon scattering [1] [2] [3] . Flavor non-singlet distributions allow for clear measurements of the strong coupling constant a s = α s /(4π) ≡ g 2 s /(4π) 2 [4] , due to the absence of gluonic effects in the QCD evolution [5] .
Massless and massive QCD corrections have been calculated in Refs. [6] [7] [8] [9] to first order in the strong coupling constant 1 and in Refs. [11] [12] [13] [14] [15] to O(a 2 s ) 2 . The massive O(a 2 s ) corrections were calculated in the asymptotic representation [16] , which is valid at high scales Q 2 . One may perform an O(a s ) comparison for the process of single heavy quark excitation. Here the approximation holds for Q 2 /m 2 > ∼ 50 [17] , where Q 2 = −q 2 denotes the virtuality of the 4-momentum transfer q, and m is the heavy quark mass.
The present data on the neutrino structure function xF 3 (x, Q 2 ) or similar measurements at HERA [18] have not yet reached the level of precision of 1-2 %, as is the case for the structure function F 2 (x, Q
2 ) in neutral current deep-inelastic scattering. However, at neutrino factories planned for the future [19] this situation will change and even 3-loop QCD corrections will be of importance. The experimental precision reached for charged current interactions at the ep collider HERA can also be further refined at future high energy facilities probing deep-inelastic scattering, such as LHeC [20] and EIC [21] . It is expected that non-singlet data taken at these facilities will help to improve further the knowledge of the strong coupling constant α s (M 2 Z ) [22] . The 3-loop massless Wilson coefficient for the structure function combination xF
has been calculated in Ref. [23] . In the present paper we calculate the massive 3-loop Wilson coefficient for this combination in the asymptotic region Q 2 m 2 . The charged current structure functions xF
2 ) may be measured both in neutrinoand charged lepton-nucleon scattering. In the case of single gauge boson exchange the differential scattering cross sections read [24, 25] :
(1.1)
Here x = Q 2 /ys and y = q.P/l.P denote the Bjorken variables, l and P are the incoming lepton and nucleon 4-momenta, and s = (l + P ) 2 . G F is the Fermi constant and M W the mass of the W -boson. F
2 ) are the structure functions, where the +(−) signs refer to incoming neutrinos (antineutrinos) and charged antileptons (leptons), respectively. We will consider the combination of structure functions
in the following. It can be measured projecting onto the kinematic factor Y − = 1 − (1 − y) 2 of the differential cross sections at x, Q 2 = const. as a difference. It is given by , see Section 2. The coefficients V ij are the Cabibbo-Kobayashi-Maskawa (CKM) [26, 27] matrix elements, where V u = |V du | 2 + |V su | 2 , and the present numerical values are [18] |V du | = 0.97425 (1.5) |V su | = 0.2253 (1.6) |V dc | = 0.225 (1.7) |V sc | = 0.986 .
(1.8)
The massless Wilson coefficient reads to O(a 3 s ) 9) where µ denotes both the factorization and renormalization scale, which have been set equal µ = µ R = µ F 3 , and
is the Mellin convolution. u, d and s are the light quark number densities andq denotes the corresponding antiquark densities, written here for a proton target. The valence distributions are given by
Very often one considers the case
Various experiments are carried out using isoscalar targets, possessing neutron-proton symmetry.
Here the following replacements have to be made
The paper is organized as follows. In Section 2 we calculate the heavy flavor contributions to the non-singlet Wilson coefficients in the asymptotic region Q 2 m 2 to the structure function xF
2 ) to 3-loop order in the strong coupling constant. We present the results both in Mellin N and x-space. Numerical results are given in Section 3. Consequences for the Gross-Llewellyn sum rule are discussed in Section 4, and Section 5 contains the conclusions. An appendix deals with a technical detail.
The Wilson Coefficients
The asymptotic heavy flavor corrections to the structure function xF . In the former case the charged current couples to a line of light quarks only, while in the latter case a heavy quark is excited by the exchanged W -boson with or without other heavy flavor effects through QCD corrections. In the following we work in Mellin space. The corresponding representation is obtained applying the transformation
to the above relations. One obtains
as the general relations. Here A NS qq,Q ≡ A NS qq,Q (N F + 1) denotes the massive non-singlet operator matrix element [29, 30] . The expansion of both the massive operator matrix element (OME) and the massless Wilson coefficients in the strong coupling constant to 3-loop order leads to
with
(N F ) the massless Wilson coefficient up to 3-loop order. Here we use the conventionf
The notation label 'N F + 1' in some of the above quantities means that they depend on N F massless and one massive flavor. The calculation of the different contributions to the Wilson coefficients (2.4, 2.5) is performed in D = 4 + ε dimensions to regulate the Feynman integrals. The treatment of γ 5 has to be considered. In the flavor non-singlet case both for the massive OMEs and the massless Wilson coefficients, γ 5 always appears in traces along one quark line. For the asymptotic Wilson coefficient L NS q,3 , this line is massless, while for H NS q,3 also heavy quarks contribute due to single charged current flavor excitations like s → c. Still we are considering the case in which power corrections (m 2 /Q 2 ) k , k ∈ N, k ≥ 1, are disregarded and therefore the corresponding line has to be treated as massless. In this case a (reversed) Ward-Takahashi identity implies anti-commuting γ 5 , mapping the corresponding vertex correction to a self-energy correction, which is the same in the case without γ 5 .
The inclusive massive OME A NS qq,Q to 3-loop order for even and odd moments N has been calculated in Ref. [30] . The corresponding Feynman integrals have been reduced using integrationby-parts relations [31] applying an extension of the package Reduze 2 [32] 4 . The master integrals have been calculated using hypergeometric, Mellin-Barnes and differential equation techniques, mapping them to recurrences, which have been solved by modern summation technologies using extensively the packages Sigma [35, 36] , EvaluateMultiSums, SumProduction [37] , ρsum [38] , and HarmonicSums [39] .
In Mellin N space the Wilson coefficient can be expressed by nested harmonic sums S a (N ) [40] which are defined by
In the following, we drop the argument N of the harmonic sums and use the short-hand notation S a (N ) ≡ S a . The Wilson coefficients depend on the logarithms
As a short-hand notation we define the leading order splitting function γ
qq without its color factor
The massive Wilson coefficient for the structure function xF
2 ) in the asymptotic region in the on-shell scheme in Mellin space is given by
The package Reduze 2 uses the packages Fermat [33] and Ginac [34] .
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(N F ) denotes the contribution due to the massless Wilson coefficient at 3-loop order [23] , and the polynomials P i are 63) which is related to multiple zeta values [41] , ζ n = ∞ k=1 1/k n , n ∈ N, n ≥ 2, denote the values of Riemann's ζ-function at integer argument and Li n (x), n ∈ N, is the polylogarithm [42] . Terms containing the color factor d abc d abc /N c stem only from the massless Wilson coefficient and the non-singlet valence anomalous dimension at 3-loop order [43] , cf. Appendix A.
One obtains the analytic continuation of the harmonic sums to complex values of N by performing their asymptotic expansion analytically, cf. [44, 45] . These expansions can be obtained automatically using the package HarmonicSums [39] . Furthermore, the nested harmonic sums obey the shift relations
through which any regular point in the complex plane can be reached using the analytic asymptotic representation as input. The poles of the nested harmonic sums S a (N ) are located at the non-positive integers. In data analyses, one may thus encode the QCD evolution [5] together with the Wilson coefficient for complex values of N analytically and finally perform one numerical contour integral around the singularities of the problem.
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In x-space the Wilson coefficient is represented in terms of harmonic polylogarithms [47] over the alphabet {f 0 , f 1 , f −1 }, which were again reduced applying the shuffle relations [48] . They are defined by
The Wilson coefficient is represented by three contributions, the (...) + -distribution, the δ(1 − x)-term, and the regular term, with the +-distribution being defined by
It reads 5 For precise numerical implementations of the analytic continuation of harmonic sums see [46] . 
Again, we used the short hand notation H a (x) ≡ H a also here. The transformation of the Wilson coefficient to the MS scheme for the heavy quark mass affects the massive OME at 3-loops and was given in Ref. [30] ; the terms are the same in the unpolarized and polarized case. The +-distribution of the Wilson coefficient also contains 1/(1 − x) 2 -terms, cf. [30] . The explicit expressions for the Wilson coefficient H 
Numerical Results
In what follows, we will choose the factorization and renormalization scale µ 2 = Q 2 . We first study the behaviour of the massive and massless Wilson coefficients in the small and large x region and then give numerical illustrations in the whole x-region.
At small x, the pure massive Wilson coefficient behaves like
while in the region x → 1 one obtains
There is a typo in the second contribution to the O(a 
and in the region x → 1
The above results can be compared with the case of the massless Wilson coefficientĈ q,3 and C q,3 , respectively. The following dominant terms are found in the small and large x regions,
respectively. Let us finally also consider the case L Q = 0. Terms of this order have the following leading small and large x behaviour 24) respectively, and are less singular than those for L Q = 0. The small x behaviour can be compared with leading order predictions for the non-singlet evolution kernel in Refs. [50, 51] . Indeed, both the massive and massless contributions follow the principle pattern ∼ c k a k+1 s ln 2k (x). However, as is well known [51] , less singular terms widely cancel the numerical effect of these leading terms. For the large x terms the massless terms exhibit a stronger soft singularity than the massive ones. 
(F
W + 3 + F W − 3 ) heavy /(F W + 3 + F W − 3 ) light x Q 2 = 20 GeV 2 , O(a 3 s ) Q 2 = 100 GeV 2 , O(a 3 s ) Q 2 = 1000 GeV 2 , O(a
s ) and Q 2 = 100 GeV 2 as a function of x. Figure 1 we present the combination of structure functions xF The contribution amounts to a correction of up to +3% in the small x region and to −3% in the large x region with some evolution in Q 2 . In Figure 3 we show a similar ratio as in Figure 2 , but taken for each order of the perturbative corrections to xF
2 ) separately at Q 2 = 100 GeV 2 . In the small x region the corrections grow from 1% to 3%. At large values of x the relative corrections tend to become negative and do also amount to a few per cent. Figure 4 shows the remaining scale variations of the combination xF
2 ] normalized to the value at µ 2 = Q 2 (yellow band) as a function of x for Q 2 = 100 GeV 2 . The behaviour is overall flat with ±1% variations in the medium x-range and shows larger uncertainties at very low and large values of x. The behaviour is similar at other virtualities. Figure 5 shows the combination of structure functions xF
s ) at a nucleon in an isoscalar target. The differences to the case of the proton target shown in Figure 1 turn out to be rather small in the case of this combination, which widely pronounces isoscalarity due to the present combination of currents, if s v ≈ 0.
The Gross-Llewellyn Smith Sum Rule
The Gross-Llewellyn Smith sum rule [54] refers to the first moment of the flavor non-singlet combination 
choosing the renormalization scale µ 2 = Q 2 , for SU (3) c . Here N F denotes the number of active light flavors. The expression for general color factors was given in Ref. [59, 60] . Note that the QCD corrections to the Gross-Llewellyn Smith sum rule and to the polarized Bjorken sum rule [61] are identical up to O(â (N F ) contributes, weighted by the first moments of the valence quark densities and the corresponding CKM matrix elements, since the first moments of the massive non-singlet OMEs vanish due to fermion number conservation. This also holds at higher order. Unlike the case of the polarized Bjorken sum rule [49] , in the present case two massive Wilson coefficients contribute. One obtains [13] , which has been calculated to O(α 2 s ). Here no inclusive structure functions are considered unlike the case in Ref. [14] . Corresponding power corrections in the tagged-flavor case were derived in Refs. [62, 63] .
Conclusions
We calculated the heavy flavor non-singlet Wilson coefficients for the charged current structure function xF
2 ) to O(α 3 s ) in the asymptotic region Q 2 m 2 . They can be expressed in terms of nested harmonic sums and polylogarithms. In contrast to the neutral current case, here, a second heavy flavor Wilson coefficient contributes, which describes the flavor excitation due to a s → c transition. The heavy flavor contributions to this combination of structure functions amounts up to the O(±3%) for proton targets. Very similar results are obtained for deuteron targets, as the present combination approximately selects isoscalarity. In the small and large x regions the heavy flavor effects at 3-loop order are visible on top of those up to 2-loop orders by an enhancement and a depletion of O(1%), respectively, in the ratio to the 3-loop massless Wilson coefficient. This is below the present resolution reached at HERA, but may become of importance in high luminosity measurements at future colliders. The scale dependence reached for the non-singlet combination studied turns out to be widely flat. We also presented the leading terms in the heavy and light flavor Wilson coefficients at small and large values of the momentum fraction x.
In the asymptotic case Q 2 m 2 the contribution of the massive Wilson coefficients to the Gross-Llewellyn Smith sum rule reduce to the replacement N F → N F + 1 in the massless approximation. One has to note CKM-matrix effects here.
A Appendix
The massless Wilson coefficients and anomalous dimensions for xF
(x, Q 2 ) contain a new color factor proportional to d abc d abc (= 40/3 in QCD) [23, 43] . This color factor does not appear in the massive operator matrix elements at 3-loop order, which we would like to discuss in the following. Those terms, however, do arise in individual diagrams contributing to the OMEs but they cancel in the complete result. The cancellation can be seen as follows.
The color factor can appear when there are two separate fermion lines connected by three gluons. One fermion line connected to three gluons yields the color structure For each such diagram there is a corresponding diagram with the fermion flow along the closed fermion loop reversed. An example of a pair of diagrams is given in Figure 6 . The closed loop has to have three quark-gluon vertices in order to produce the color factor and therefore the loop must have three fermion propagators. Keeping the direction of the momenta fixed, the reversal of the fermion flow entails a change of the sign of the momentum / p i in the numerator of each fermion propagator, This sign can be factored out since traces over an odd number of Dirac matrices vanish and yields a global factor (−1). Besides that, the reversal of the fermion flow also reverses the order of the color generators t a t b t c in Eq. (A.2) which flips the sign in front of the f abc f abc term, but leaves the d abc d abc term unchanged. We see that each pair of such diagrams has exactly the same integrand, but the sign in front of the d abc d abc color factor is changed. Therefore, this color factor cancels in the sum for each pair of diagrams.
